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Affine m-ary Gray Codes 
MARTIN COHN 
Sperry Rand Research Center, Sudbury, Massachusetts 
This paper presents a nontabledookup technique for generating a 
class of n-dimensional m-ary Gray codes for every pair (n, m) of 
integers. It does not seek to exhaust all such codes, but restricts itself 
to a class characterized by simple encoding and decoding schemes. 
The simplicity shows up not only in the mathematical description 
of these codes as affine transforms of the sequence of m-ary numbers, 
but also in the circuitry required for realizations. For instance, a 
serial decoder can be built of a single unit delay and a single modular 
adder. 
AFFINE GRAY CODES 
The Gray codes considered in this paper are cycles of m ~ distinct 
code words, each word being an n-tuple of integers in the range 
[0 ,~-  1], 
and each word in a cycle differing from its successor by unity, modulo m, 
in exactly one component and by zero in all other components. In 
other words, these codes are Hamiltonian paths, with adjacent initial 
and terminal points, through the n-dimensional module over the ring 
of integers modulo m. The use of such codes is familiar in analogue-to- 
digital conversion of data, where the adjacency property of successive 
code words reduces both the likelihood and effect of errors. 
The codes to be discussed are derived by affine transformations from 
the usual m-ary representation of the integers zero through m ~ - 1; 
accordingly, the following conventions will be useful. 
All vectors and matrix arithmetic will be over the ring J~  of integers 
modulo m, where m need not be prime. I f  the base-m expansion of the 
integer i is 
i = i lm ~-1 + i2m ~-2 + . . .  + i ,m ° (real arithmetic) 
The vector ( i l ,  • • • , i~) will be denoted by i. Matrices and transforma- 
tions will be denoted by upper case Roman letters; however, i. M will 
denote a vector-matrix product, while G(i) will denote the transform 
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of a vector. In  this notation, two vectors are adjacent if and only if 
their vector difference is one of the unit  vectors =t=m k, 0 =< /~ =< n - 1. 
Thus the definitions given above can be restated as follows: 
An n-dimensional m-ary Gray code is a permutat ion G of the sequence 
of vectors 07 1, . . - ,  m ~ - 1 such that  if 
a -- b = 1 modulo m ~ (1) 
then  
G(a) - -  G(b) = 4-m ~ for some0 =< k -< n - -  1. 
In  order to find the conditions under which the transformation G can be 
affine, the following lemma is stated without proof. 
V'k  m ~ for some LEMM~. I f  a -- b = 1 modulo m ~ then a -- b = z_~i=0 
0 <= k <- n -- 1; that is, the vector difference a - b consists of a string 
of O's followed by a string of 1 's. 
I t  is readily shown that  all n such vectors do occur. 
Next, assume G to be the alTine transformation (.4, v); that  is, 
G(x) = x .A  + v. 
The requirement that  G be a permutat ion of the vectors 0, •. • , m ~ -- 1 
is equivalent o the condition that  A be nonsingular, which, in turn, is 
equivalent o the condition that  the determinant I A I not be a divisor 
of zero in the ring J~ .  
The adjacency condition on G becomes: 
if 
then 
a -- b = 1 modulo m '~ 
a .A  +v-  b .A  - v - -  ±m ~ for some0 < k_< n -  1. 
At this point it is clear that  v is unrestricted; G(a) and G(b) are ad- 
jacent if and only if 
a .A  - -b .A  - d=m ~ for some0_< k_< n - -  1, 
that  is, 
(a  - b ) -A  = 4 -m ~. (2)  
I t  was stated above, however, that  if a - b = 1 modulo m ~, then a - b 
is some one of the n vectors ~--~h__~ m ~. The n possible cases can be in- 
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cluded in one matrix equation by considering the n × n matrix 
iX 
½=0 
~1 1 . . . .  1 
0 1 1 
0 0 lJ 
n--1 +, 
~0 
where S = S 1 is the n X n matrix with l 's on the first super-diagonal 
and O's everywhere lse. (Note that S ~, the ith power of S, has l 's on 
the ith super-diagonal nd O's everywhere else; as usual, S ° = I.) Now 
the adjacency condition, Eq. (1), can be written 
where each row of B contains a single nonzero component which is 
either 1 or -1 .  In other words, B is equal to a matrix product U.P ,  
where U is an n X n matrix with l 's and ( -  1)'s on its main diagonal 
and 0 everywhere else, and P is an n X n matrix with ~ single 1 in each 
row and 0 everywhere lse. Finally, from the fact that } ~-]~_--o 1 S~l = 1 
and from the nonsingularity of A it follows that P must be a permuta- 
tion matrix. 
An explicit expression for A is obtained by multiplying both sides of 
Eq. (3) by the inverse of ~'_-o 1S i described in the following: 
L~MA. 
S + = ( I  - S). 
\ /=0  
PROOF : 
n--i n--i 
Zs  +-Es '  
4~0 i=O i=i 
= I - S ~= I, 
since S + vanishes for i ~ n. 
Thus Eq. (3) becomes 
A = ( I  -- S ) .U .P ,  
and the entire preceding development is summed up in 
T~EOm~M. An a~ne transformation G permutes the sequence of vectors 
O, 1, • • • , m ~ - 1 into a Gray code i f  and only i f  
G = <( I -  S ) .U .P ,  v), (4) 
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where v is any 1 X n m-ary vector; S is an n X n matrix with J's on the 
super-diagonal, O's elsewhere; U is any n X n matrix with 1 's and ( -1 ) ' s  
on the main diagonal, O's elsewhere; P is any n X n permutation matrix. 
It  follows that for every pair (n, m), n~ > 2, there are 2 ~. n! .m" affine 
Gray-code transformations. For m = 2 there arc only n!-2 ~, since 
+1 = -1  in J2. 
Examples 
1. n = 4, m = 2, U= I ,P  = I ,v  = 0 
Binary 
0000 
0001 
0010 
0011 
0100 
0101 
0111 0 1 1 0 • 1 0 0 
1000 0 1 )0 0 1 
1001 0 0 0 0 0 
1010 l
1011 t 
1100 
1101 
1110 I 
l l l l J  
2. n = 3, m = 2, U = f, P= 0 , 
0 
Binary 
Fll 
010 /
o,,, [! il [! ZI !1oo / ~ • o 
!101~ 0 0 
110] 
L111J 
+ 
+ 
ooooJ 
v=6 
F110~ 
/ 
LllOJ 
Gray 
~ooooI 
0001 
0011 
IOOlOf 
10110 
0111 
I0101 
10100 
1100 
1101 
11111 
Iii0 
1010 I 
1011 I
110011 
L1000J 
Gray 
110 
010 
011 
111 
101 
001 
000 
_100J 
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3. n = 2, m = 3, U= - - I  = 2[ ,P  = I ,  
Ternary 
01 
02 
10 
11 
12 
20 
0 
v=6 
Gray 
-20 
22 
21 
11 
= 10 
12 
02 
01 
.00 
4. n = 4, m = ]0, U - -  I , P  = I ,v= 0 
Decimal 
f- 
6393 
6394 
6395! 
6396! 
6397 
6398 
6399 
6409 
6401 
6402 
6403 I
6404 I
J 
Gray 
6765 
6766 
6767 
rl 9 0 0] 6768 
0 1 ! = 6760 
00  1 68~ 
6861 
6862 
6863 
6864 
6865 
t .  " J 
EQUIVALENT GRAY CODES 
In this section it will be convenient to define an m ~ X n matrix AT 
whose rows are the m-ary numbers in natural order. Also, V, will be 
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the m ~ X n matrix each of whose rows is v. That is, 
N= 1 I. 1 
m ~ 1 ' 
Using these, the Gray code generated by an affine transformation 
(A, v) can be written as the matrix 
(N .A  + V~). 
In his discussion of binary Gray codes, Gilbert (1958) defines four 
conditions under which Gray codes are considered equivalent. He states 
that two Gray codes are equivalent if one can be derived from the other 
by: 
(a) a permutation of digits, 
(b) a complementation f digits, 
(c) any sequence of cyclic permutations of the words (for cyclic 
codes), 
(d) a reversal of the order in which the code words occur. 
With natural extensions of these conditions when necessary, all the 
n~dimensional m-ary codes generated by ( ( I  - S ) .  U.P,  v} fall in one 
equivalence type. For condition (a) refers to the effect of the matrix P; 
condition (b), suitably extended, refers to the additive vector v; con- 
dition (c) applies directly, for all the codes considered here are cyclic 
(the matrix notation N.A  + V~ should not be allowed to obscm'e this 
fact). Transforms of type (d) are also within the scope of the affine 
transformation. To see this, consider some affine Gray code 
C = N.A  + Vj  (5) 
where A is of the form ( I  - S) • U.P.  The reversal of C can be generated 
simply by reversing the order of the rows of N before applying (A, j). 
Loosely speaking, this amounts to turning N upside down before apply- 
ing the Gray transformation. But it is easy to show that the reversal of 
N can be effected by adding to each of its rows a vector of all l's and 
then multiplying throughout by ( -  1). Thus N-reversed can be written 
n--1 
(N+ V~) - ( - I ) ,  where w = ]Y']~m ~, 
i==0 
and C-reversed is 
(N  + V . , ) . ( - I ) .A  + V~ = N. ( - -A )  + (V~ - Vu.A), 
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where the transformation (-A, j -- w.A) is clearly of the form 
<( I  - v ) .  
Finally, it is reasonable to add to Gilbert's list the condition that, 
for m > 2, two codes are equivalent if they differ only in the signs of 
certain components. In the case of affine Gray codes this corresponds 
to a difference in the matrix U. 
CIRCUIT  SYNTHESIS  
This section consists of suggested circuits for encoding and decoding 
the basic affine Gray code N- ( I  - S). The circuits shown in Figs. 1 
and 2 consist of ideal elements. Circles represent modular adders with 
no delay, squares represent modular multipliers with no delay, and 
D-shaped figures represent unit delay elements. 
% 
m-or~ 
Gro 
Groy 
• • • 
m-ary  
(b) 
F~G. 1. (a) Para l le l  Gray  encoder .  (b) Paral le l  Gray  decoder  
/ m-ory \ 
:~ h~gh-order ,I 
~= d~g~s "f-irst j 
(3 roy 
FIG. 2. (a) Serial encoder .  (b) Serial decoder  
Time: -~ 
Number :  0 , 4 , 25 , 16 , 0 , . . -  
Ternary :  • -. ,0 0 0 0,0 1 1 0,2 2 1 0,1 2 1 0,0 0 0 O, . . .  
Gray :  - . .  ,0 0 0 0,0 1 0 2,2 0 2 2,1 1 2 2,0 0 0 0, - . -  
Decoded:  • .- ,0 0 0 0,0 1 1 0 ,22  1 0 ,12  i 0,0 00  0, - - .  
FIG. 3. Example  of serial  te rnary  Gray  coding 
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For parallel processing, the circuits in Figs. l(a) and 1 (b) are simple 
realizations of the matrices (I  - S) and ( I  - S)  -1 -- ~?_z J  S ~. 
For serial processing, the n-digit m-ary numbers are fed, high-order 
digits first, into the eneoder, Fig. 2(a), with each block of n digits 
followed by a zero. Thus the effective code word length is n + 1. In- 
spection will show that the first n digits are transformed into the ap- 
propriate Gray code digits and the final zero into a "parity check" 
(rood in) digit. Then, if there are no transmission errors, the decoder, 
Fig. 2(b), will transform each code word back into the original m-ary 
number followed by a zero. The parity check digit may alternatively be 
thought of as a means of resetting the decoder to zero after each word. 
The economy of this scheme is enhanced by the fact that the amount 
of equipment (hence also the number of reset digits) is independent of
word-length. An example of serial ternary Gray coding and decoding 
is shown in Fig. 3, with the check-reset digits italicized. 
CONCLUSIONS 
As stated in the su~mnary, the affine Gray codes constitute a small 
subclass of all possible Gray codes. For instance, when n = 4, .m = 2, 
they form only one of the nine equivalence types (Gilbert, 1958). 
Their importance, however, lies in the simplicity of the transformations 
which generate them. The basic affine Gray code, N. ( I  - S), is en- 
coded by n linear combinations of two variables each. Moreover, since 
• n - - I  ¢ the decoding consists of multiplication by the matrlx~-=0 S,  the 
highest-order digits of the decoded m-ary number depend on the fewest 
components of the code word. This feature can be used to advantage 
when only approximate magnitudes are required, for the "low order" 
digits of the Gr~y code words can be truncated. 
The main result of this paper has been to show that every m-ary 
affine Gray code is generated by a transformation of the form 
<(I - S ) .U .P ,  v}. 
It is relatively straightforward to show the sufficiency of this form, but 
the somewhat longer derivation given here shows its necessity as well. 
Finally, circuits have been suggested for encoding and decoding 
affine Gray codes, either by parallel or serial techniques. The circuits 
for serial processing are extremely simple, with both the amount of 
equipment and the number of redundant digits being independent of 
word-length. 
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The Fifth International Congress of Phonetic Sciences will be hel( 
at Miinster / Westfalen, August 16-23, 1964. 
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